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from perturbative bosonic string theory. We demonstrate how to construct 
higher quartic interaction vertices using a simple particular example. We ex- 
amine whether BCFW recursion relations for interacting Higher Spin theories 
are applicable. We argue that for several interesting examples such relations 
should exist, but consistency of the theories might require that we supplement 
Higher Spin field theories with extended and possibly non-local objects. 
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1 Introduction 

Higher Spin (HS) gauge theories (see p] [3] for recent reviews) are usually formulated 
in two different ways: in frame-like jl] - [6] or in metric-like [7] - [31] approaches. 
Although a formulation of free dynamics of various representations of Poincare and 
anti de Sitter groups in both approaches is quite a nontrivial task, the most chal- 
lenging problem is the construction and study of interactions between both massless 
and massive Higher Spin fields on flat and curved backgrounds. 

A landmark has been reached in [3] with the understanding that, the anti de 
Sitter background can accommodate consistent self interactions of massless Higher 
Spin fields. The interaction involves an infinite tower of massless Higher Spin fields 
and is non local. Moreover the presence of an anti de Sitter background, where no S- 
matrix can be defined, allows to naturally bypass Coleman-Mandula no-go theorem. 
These results, apart form being remarkable in their own right, can also be extremely 
useful for a better understanding of String/M theory in particular in the context of 
AdS/CFT correspondence |32| [33] . 

The interaction of massless Higher Spin fields on a flat background has always 
been considered to be more problematic than the interaction on AdS space. However, 
this problem has recently been extensively discussed in [H] [22] and several interest- 
ing cubic vertices have been obtained. These results indicate that one can possibly 
have consistent interacting theories of massless Higher Spin fields on a Minkowski 
background as well, provided that, as in the case of an AdS background, one has an 
infinite number of fields and the interactions are non local. 
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It is extremely important to find a guiding principle to construct interactions on 
flat space time. A possible approach is to consider perturbative String Theory as a 
"laboratory" for studying interactions between massless Higher Spin fields [20]— [22J . 
|lb'j . Obviously since in the usual tensile string theory all Higher Spin fields are 
massive, one needs to go to a limit where the masses of Higher Spin fields go to 
zero. However the high energy limit of string theory [M] [32] is still to be better 
understood^. 

In a recent paper (20], the authors constructed cubic vertices for HS fields via 
the high energy limit of string perturbation theory. Their result has as a part of 
it the vertex constructed in [16] via the high energy limit of Open String Field 
Theory (OSFT), but includes additional terms which grant the new vertex with a 
non-abelian structure. These results are extremely important to further study the 
problem of interactions between massless fields on a flat background, since the well 
developed technique of string perturbation theory can allow the study of higher order 
interactions and perform nontrivial consistency checks of the theory. One of the aims 
of the present paper is to demonstrate how one can construct vertices which describe 
a consistent cubic interaction of massless bosonic Higher Spin fields, serving as an 
off -shell completion of the on -shell vertex derived in [20]. We are using the BRST 
method for interacting higher spin fields, which can be formulated in flat and in AdS 
spaces [9], [2S] - [2S]- This method is essentially based on the requirement of gauge 
invariance and the abelian gauge transformations of the free theory are deformed 
to nonlinear (generically nonabelian) transformations to obtain nontrivial cubic and 
higher order interactions. 

Having formulated an off-shell description for a system which describes cubic in- 
teractions between massless Higher Spin fields belonging to reducible representations 
of the Poincare group, one can further consider higher order interactions for massless 
Higher Spin Fields following standard perturbation theory. This consideration will 
hopefully improve our understanding of the problem of interactions in Higher Spin 
theories on Minkowski background, since this approach can be further generalized to 
higher (hopefully arbitrary) orders in the coupling constant. Therefore we consider 
the present article as a step towards a better understanding and towards further 
consistency checks of the interacting theory of massless Higher Spin fields on a flat 
background. As a particular example we show how to construct a quartic interac- 
tion vertex from a cubic Lagrangian described in |38j. This problem, although being 
technically simpler than the problem of construction of quartic interaction vertices 
from cubic ones of the type [20], is still quite instructive and contains some lessons 
on how to deal with more complicated systems. 

In the second part of the paper we will follow a different approach to the problem 
based on the S-matrix rather than the Lagrangian itself. Recently, there has been re- 
markable progress in exploring the properties of the S-matrix for tree level scattering 
amplitudes. Motivated by Witten's twistor formulation of A^ = 4 Super- Yang-Mills 

* Related work on the tensionless limit of string theory has been done in [37] 
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(SYM) [39], several new methods have emerged which allow one to compute tree level 
scattering amplitudes for gauge and gravity theories. In particular, the CSW method 
of [10J has demonstrated how one can use the Maximum Helicity Violating (MHV) 
amplitudes of jH] as field theory vertices to construct arbitrary gluon amplitudes. 

Analyticity of gauge theory tree level amplitudes has led to the BCFW recursion 
relations [12J H3J El]- Specifically, analytic continuation of external momenta in a 
scattering amplitude allows one, under certain assumptions, to determine the ampli- 
tude through its residues on the complex plane. Locality and unitarity require that 
the residue at the poles is a product of lower-point on shell amplitudes. Actually the 
CSW construction turns out to be a particular application of the BCFW method 

The recursion relations of [13] are at the heart of many of the aforementioned de- 
velopments. Nevertheless, for these relations the asymptotic behavior of amplitudes 
under complex deformation of some external momenta is crucial. When the complex 
parameter, which parametrizes the deformation, is taken to infinity an amplitude 
should fall sufficiently fast so that a pole at infinity will be absent. Although naive 
power counting of individual Feynman diagrams seems to lead to badly divergent am- 
plitudes for large complex momenta, it is intricate cancellations among them which 
lead to a much softer behavior than expected. In particular, gauge invariance and 
supersymmetry in some cases are responsible for these cancellations. 

It is natural to wonder whether these field theoretic methods can be applied and 
shed some light into the structure of string theory amplitudes. This is motivated, in 
particular, by the fact that the M = 4 SYM theory that plays a central role in the 
developments we described above, appears as the low-energy limit of string theory 
in the presence of D3-branes. In order to even consider applying the aforementioned 
methods to string scattering amplitudes, one needs as a first step to study the large 
complex momentum behavior of these amplitudes. Since generally string amplitudes 
are known to have excellent large momentum behavior, one expects that recursion 
relations should be applicable here as well. Nevertheless, one should keep in mind 
that although the asymptotic amplitude behavior might be better than any local 
field theory, the actual recursion relations are quite more involved. They require 
knowledge of an infinite set of on-shell string amplitudes, at least the three point 
functions, between arbitrary Regge trajectory states of string theory. 

The study of the asymptotic behavior of string amplitudes under complex mo- 
mentum deformations was initiated in [18] and further on elaborated in [15J [50] . 
In these works it was established, using direct study of the amplitudes in parallel 
with Pomeron techniques, that both open and closed bosonic and supersymmetric 
string theories have good behavior asymptotically, therefore allowing one to use the 
BCFW method. So, in light of the apparent relation of massless Higher Spin theories 
with the high energy limit of string theory one might be able to use these powerful 
tools in order to study the properties of HS theories themselves. We will argue that 

§ There has been though some recent progress [351127] in generalizing the BCFW relations for 
theories with boundary contributions. 



3 



indeed the arguments which suggest that the boundary contribution under BCFW 
deformation of string amplitudes vanishes, extend to the corresponding Higher Spin 
amplitudes. The failure though of the criterion of [51] will indicate that the Higher 
Spin theory on a flat background might be missing crucial ingredients required for 
its consistency at the full interaction level. In two examples we will derive some indi- 
cations that consistent HS theories cannot rely solely on massless HS point particles 
in their spectrum but might require extra degrees of freedom like extended objects 
and/or non-local states with Pomeron like dynamics. 
The paper is organized as follows: 

In Section [2] we collect some of the main concepts of the BRST constructions for 
interacting massless Higher Spin fields. In Section |3] we show, using the results of [9], 
how to construct a cubic off - shell interaction vertex which corresponds to the -on 
shell vertex [20J, derived from the string perturbation theory. We also derive a pos- 
sible generalization of this vertex to a system which contains bosonic massless fields 
which belong to reducible representations of the Poincare group with mixed sym- 
metry. In Section H] we derive a quartic interaction vertex for the cubic Lagrangian 
constructed in [38]. We comment that also in this case, like the exact cubic vertex 
of [16], the algebra is abelian and it leads to a trivial interaction beyond the cubic 
level. In the last two sections we will give a short review of the BCFW method for 
field theories and we will apply this method on two different cubic couplings which 
will allow us to make some interesting observations on the possible theories with 
interacting HS particles on the flat background. We conclude with a summary of our 
results and some comments. 



2 Basic equations 

Let us start with the BRST charge for the open bosonic string (see for example [3] 
for more details) 

Q= (C-kL k --(k-l):C- k C- l B k+l :)-C , (2.1) 

k,l=— oo 

perform the rescaling of oscillator variables 

c k = V2a'C k , b k = —}=B k , c = a'C , b = —B G , (2.2) 

V2a' a 

— > Vka^ 

and then take a formal limit a' — > oo. In this way one obtains a BRST charge 

Q = c l + Q- hM (2.3) 

oo oo 

Q = J2^ + c Pk), M = Y,ctc k , l =P^, l + k =P»*t (2-4) 

k=l k=l 
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which is nilpotent in any space-time dimension. The oscillator variables obey the 
usual (anti) commutator relations 

= 5 fc V, {c k >+,b 1 } = {c k ,b l >+} = {c k ,b l } = S kl , (2.5) 

and the vacuum in the Hilbert space is defined as 

o£|0) = 0, c fc |0) = k>0, b k \0) = k > 0. (2.6) 

Let us note that one can take the value of k to be any fixed number without affecting 
the nilpotency of the BRST charge (I2.3p . Fixing the value k — 1 one obtains the 
description of totally symmetric massless higher spin fields, with spins s, s — 2, ..1/0. 
The string functional (named "triplet" [31 J) in this simplest case has the form 

|$) = + c o |0 2 ) = \<p) + c+ b + \d) + c b + |c> (2.7) 

whereas for an arbitrary value of k one has the so called "generalized triplet" 

ct . . . ct bt . . . bt , , c ct . . .ct bt...bf , , 
1 } ~ (pff + (p-l)\p\ l°fcx,..Jbp-i>» ^-8J 

where the vectors IZ)^ 1 '"^) and |C^ 1 '"^ P ) are expanded only in terms of oscillators 

a^ + , and the first term in the ghost expansion of (12. 8 p with p = corresponds to the 
state \(p) in (12. 7p . One can show that the whole spectrum of the open bosonic string 
decomposes into an infinite number of generalized triplets, each of them describing 
a finite number of fields with mixed symmetries [24J . 

In order to describe the cubic interactions one introduces three copies (i = 1,2,3) 
of the Hilbert space defined above, as in bosonic OSFT [52J. Then the Lagrangian 
has the form 



3 

L = f d^ilQil^i) +g{[ d$d(*d(*($i\($ 2 \($ 3 \\V 3 ) +h.c) 
i=i J J 



(2.9) 



where | V3) is the cubic vertex and g is a coupling constant. The Lagrangian (12. 9p is 
invariant at order g with respect to the nonabelian gauge transformations 

6\*i) = Qi\Ai) - g J rfc +1 rfc +2 [(($ m |(A, +2 | + ($ l+2 |(A m |)|V 3 )], (2.10) 
provided that the vertex \V) satisfies the BRST invariance condition 

Y^Qi\V 3 ) = 0. (2.11) 

i 

The gauge parameter |A) in each individual Hilbert space has the ghost structure 

[A> = 6+|A> (2.12) 
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for the totally symmetric case, while the gauge parameters for the generalized triplets 
take the form 



I a \ fci • • • fc p ii i p+ i I . ; 1 ,...; p+ n v o fci • • • fc p _i I Ui,...l p+ i \ 

= (p!)(p+l)! fci,-fcp/ + (p-l)!(p + l)! 1 *x.-..*p-i/- 

Let us make some comments about the BRST charge (12. 3p . We can actually 
justify the way it was obtained from the BRST charge of the open bosonic string 
since its cohomologies correctly describe equations of motion for massless bosonic 
fields belonging to mixed symmetry representations of the Poincare group (see e.g. 
[23]). So taking the point of view that, in the high energy limit the whole spectrum 
of the bosonic string collapses to zero mass, which is now infinitely degenerate, one 
can take the BRST charge (12. 3p as the one which correctly describes this spectrum. 

3 Cubic vertex for HS interactions from the high 
energy limit of String Theory 

In this section we will demonstrate how one can construct an off-shell extension of 
the cubic vertex suggested in [20]. The key point is that the free spectrum of string 
theory is given by the free Lagrangian of triplets in (12. 9p . This suggests that we use 
the on-shell vertex of [20] as an ansatz in the BRST method of the previous section 
for constructing interacting Lagrangians for triplets. The cubic vertex of [20] is an 
extension of the unmodified cubic vertex of [551 IT6] . 

Let us describe first the proposed high energy limit of string theory of [16]. The 
cubic vertex in this case takes the form 

V 1 = exp ( Yyofifi + Z l3 c i+ bi ) . (3.1) 

The BRST invariance condition of the vertex (13. ip imposes the following condition 
on the coefficients Y^- and Zij 

Zi,i+i + Zi t i + 2 = (3-2) 

= Ya — Za — l/2(Zj i j_ ) _i — 
Yi,i+2 — Ya — Za + 1/2(^4+1 — Zi^+y). 

There are two options available at this point. One is to consider the modification 
of the cubic Lagrangian (12. 9 p and gauge transformations (I2.10p which involve quartic 
and higher order vertices. We shall consider this option in the chapter 4. Another 
option is to make this solution exact in all orders of the coupling constant g. For 
this we have to modify the solution above by an extra oscillator- dependent factor 
i.e., consider a modified ansatz [16] 



\V) = V 1 xV mod c 1 clcl\0) 123 (3.3) 
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with 

V mod = exp ( + ^« )• (3.4) 

The BRST invariance condition imposes the constraint on the coefficients and 

Sn = Pa = z ^ j (3.5) 

-Pji Su = 2 = 1,2,3 

whereas the requirement that the solution (I3.4p is exact in all orders in the coupling 
constant further restricts the value of the parameter Su to be equal to 1. 

This vertex leads into abelian, but nonlinear gauge transformations. Therefore, 
one can verify using the technology developed in , that the four point function of 
such a theory turns out to be vanishing and makes the theory not a good framework 
for the study of non-trivial interacting HS theories at quartic and higher levels. In 
the next section we will try to relax the condition of an exact cubic vertex and allow 
a quartic vertex in our Lagrangian and possibly higher ones in an attempt to derive 
a non-trivial algebra and therefore non-trivial interactions. 

In an alternative method given in [20J one starts from the on-shell string ampli- 
tudes for the leading Regge trajectory of string theory and employs the tensionless 
limit through the study of decoupling of null states. An on-shell vertex obtained 
using this method has a leading term which is given by going on-shell in (13. ip . The 
derived subleading terms involve an exponential of higher terms in the oscillators and 
lead in a non-trivial algebra of gauge transformations. In the following subsection 
13.11 we will derive an off-shell expression of the vertex given in [20] for the leading 
Regge trajectory and in subsection 13.21 we will show how one can derive the cubic 
vertex for mixed symmetry HS fields. This result is an ansatz for the on-shell vertex 
for subleading Regge trajectories in the spirit of [20J. 

3.1 A cubic vertex for totally symmetric fields 

Since the "leading" vertex (13. ip is BRST invariant on its own right we will consider 
the BRST invariance of the subleading modification suggested in [20J. We begin first 
with the simpler case of a vertex for totally symmetric fields. This means that we 
consider only one set of oscillators as in (12. 5p . Let us note that one can make the 
functionals matrix valued i.e., add Chan-Paton factors, but we shall not do so. 

In order to make a connection with the on - shell vertex of [20J let us make the 
following ansatz 

\V 3 ) = e v c l c 2 c 3 \0) 123 . (3.6) 
where, (we follow the conventions of [2"6]). 

v = X^(^ + <)(at + K)+^l(c r+ & s+ )(<^) + 

X<lK + <)(c^) + X;i(c r+ 6 s+ )(c t+ 6«) (3.7) 
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The terms in the expression above proportional to X^. stu correspond to the operator 
Q in [20J . The remaining terms are those required for extending off-shell their cubic 
on-shell description. 

The coefficients X^ tw X^\ u , X^f tu and X^f tu obey symmetry relations 

= y(l) v {3) - X {3) X {5) = -X {5) o\ 
^-rstu ^srtui ^rstu srtui ^rstu ^tsru • \"'"/ 

They are constants to be determined form the BRST invariance condition of the 



vertex. The BRST invariance condition of the vertex implies 

(2*£LpX - = o. ( 3 - 9 ) 

{-XSLpffi + X r ( l^)c 4+ a^«: + = 0, (3.10) 

(-x% uP ; P ; + x^j^y+v+c^ = o, (3.11) 

(-X^fopl + 2xSl u b u oP ; - X^ tu Kf,y + c t+ a s ; = 0, (3.12) 

X^ tu b s c s+ c r+ c t+ b u = 0. (3.13) 



After imposing the cyclic symmetry on the coefficients X^ tu under the indexes 
r,s,t,u these equations can be solved [9] to give a solution given in the Table 1. 
We can use the method of [28J to decompose our interacting Lagrangian in terms of 
irreducible Fronsdal modes. We will get a series of interacting Lagrangians for each 
mode which serve as a off-shell extension of the cubic vertex in [20]. Alternatively 
if we integrate out the auxiliary fields C and go on shell for the triplet fields as in 
|31j . we can derive from (13. 6 j) an on-shell cubic vertex. The vertex for the highest 
spin mode from each triplet should be the same with the corresponding vertex for 
the irreducible HS fields of [20J. 

3.2 A cubic vertex for mixed symmetry fields 

It is straightforward to generalize the results of the previous Section to the case of 
"generalized triplets" i.e., for reducible representations of the Poincare group with 
mixed symmetry. 

To this end one can replace indexes r, s, t with double indexes f , s, t, where each 
index, say f has two values f = (r, f). The index r again numerates three Hilbert 
spaces r = 1,2,3 while the index f numerates different types of oscillators r = 1, .., oo. 
The oscillators a r , c r and V are replaced with a r , c r and b r . However, since one has 
only three different momenta p^ and only three different ghost zero modes Cq and 

6g, one has p 1 ^ = p 1 ^ 1 = p 1 ^ 2 = ■ ■■pb n , where n is an arbitrary natural number. The 
BRST charge now reads as: 

Q = cyj + M + c¥ + - c l+ c%, l l± = afpi. (3.14) 
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Index combination 


xw 


X( 2 ) 


X( 3 ) 




1231 


1 


-2 


-1 


1 


1232 


-1 





1 


-1 


1233 











1 


1211 








1 





1212 


-1 


2 








1213 


-1 


2 








1221 


1 


-2 





-4 


1222 








-1 


1 


1223 


1 








-1 


1111 














1112 


-1 


-2 


1 





1113 


1 


2 


-1 





1121 


-2 


-4 


1 


1 


1122 


-6 


-12 


-5 


-4 


1123 





-2 


-1 


-1 


1131 


2 


4 


-1 


-1 


1132 





2 


1 


1 


1133 


6 


12 


5 


4 


2131 











2132 




2 






2133 











2111 











2112 




2 






2113 











2121 




-2 






2122 











2123 




-2 







Table 1: Empty entries in the table mean that the corresponding value of the coeffi- 
cient can be recovered from the ones given in the table using the cyclic property of 
indices (for example xf^i = -^2312 = -^3123) an d symmetry properties (13. Sp 
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The symmetry properties of the coefficients X are again the same 

X«=X«, X[ 3 1=X[V, X<?>=-X®. (3.15) 

rstu srtu 7 rstu srtu 7 rstu tsru y ' 

The coefficients X^\ X^ 2 \ X^ 3 \ X^ for a vertex, which describe the interaction 
between generalized triplets can be obtained from Table 1. For example, the solution 
x illi corresponds to XrL^ = X^^ for f, s, t, = 1, n etc. 



4 A quartic vertex 

Let us consider the simple example given in (13.11) with the modification (13.31) . For 
simplicity we consider the case for totally symmetric fields. As we mentioned before, 
although the gauge transformations are non-linear modifications of the free ones and 
the vertex cannot be removed via field redefinitions, it turns out that the algebra 
is abelian. One can verify using the formulas derived in [28] that the four-point 
function of any HS fields vanishes. 

Therefore one can investigate another option, in particular instead of modifying 
the cubic vertex (13.11) using (13.31) . we can add a quartic vertex to the Lagrangian and 
make it gauge invariant up to terms of order g 2 . One can further try to continue this 
procedure iteratively to higher orders. 

Let us consider this procedure for the solution (13.11) . In order to construct the 
quartic interactions we take four Hilbert spaces and consider the Lagrangian 



L 




i=l 



(4.1) 




and the nonlinear gauge transformations 



5|$ J ) = (5o + 5 1 + 5 2 )|$ i ) 



(4.2) 



where 



S \$i) = Qi\Ai) 



(4.3) 
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W = -^(|^ +1 ^ +2 [(($ m |(A l+2 | + ($ J+2 |(A m |)|^ (4.4) 
^ +2 ^ +3 [(($ l+2 |(A J+3 | + ($ i+3 \(A i+2 \)\V 3 )] + 



^ +1 ^ +3 [(($ m |(A l+3 | + (<S> i+3 \(A l+1 \)\V 3 )}) 



5 2 \^) = (-l)V y ^c^ 1 ^cS +2 cfc^ 3 [(<<l>, +1 |<^ +2 |<A, + 3| + <^+ 1 |<^,+ 3 |<A^ 2 | + 

($ i+2 |(^ +3 |<A i+1 |)|y 4 )] (4.5) 

As it was for the case of cubic interactions, the Lagrangian (14.11) is invariant up 
to zeroth order in the coupling constant i.e., under (14.31) since each separate BRST 
charge Qi is nilpotent. Further, the Lagrangian is invariant up to the fist order in 
the coupling constant i.e., under (14.41) provided 

(Qi + Q J +Q k )\V 3 ) = 0, i^j^k. (4.6) 

Let us now investigate the conditions on the quartic vertex. Up to now our 
consideration has been completely general. In order to simplify further our analysis, 
let us take a specific expression (13. ip for the cubic vertex where cyclic symmetry 
between indexes i,j and k is assumed. We also take diagonal elements Y u and 
equal to zero. From the cyclic property of the cubic vertex it follows that the quartic 
vertex obeys certain cyclic property as well. As can be seen from (14.11) the quartic 
vertex | V4) should change sign under the cyclic permutation of indexes i, j, k, I 

|V 4 (1,2,3,4)> = -|V 4 (2,3,4,1)> = |V 4 (3,4,1,2)) = -1^(4,1,2,3)) (4.7) 

Our next step is to find a quartic vertex IV^) from the requirement of cancellation of 
the terms of order g 2 in the variation of the Lagrangian. In particular, a variation 
of terms of the type 

L = g J dcldcldcK^ I ($ 2 1 ($ 3 1 1^3) (4.8) 

under 

6 1 \$ l ) = g [ rfc 2 'rfc 3 '[(($2'|(A3'| + ($3'|(A 2 '|)|^(l,2',3 / ))] (4.9) 



should be compensated by the variation of the free part of the Lagrangian under 
(14.51) . The latter gives 

{Qi + Q2 + Q3 + <2 4 )($; + i|($; + 2|($i+3|(A i+4 ||V 4 ) + 3 permutations. (4.10) 
In order to evaluate the former consider the variation of a typical term 

5L = g\ f dc%dcldcl[(V 3 (l,2,3)\\<S> 2 )\<S> 3 ) J dx$ d$ (Sv\(pv\\V z (l, 2', 3')) = 

+ J ^c 2 rfc 3 [(V3(l,2,3)||$ 2 )|$ 3 } J dcUc 3 o(^'\(^\\V 3 (l,2',3')))(A.ll) 
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Let us integrate first over the ghost variables which have an index i = 1 evaluating 
explicitly the expression 

J dcl^clexpi-Z^cX) x exp{Z mn c +m b^)cl\^) = (4.12) 
= Z a , x c +a ' - Z al c a , a' = 2', 3', a = 2, 3. 
For the integration over the oscillator variable a^ 1 we use 

(Oile^i^e^^lOi) = e Y w Yu tirt (4.13) 

where we have used the conservation of momentum pi = —p 2 ^ — p 3 ^ = —p 2 ^ — p^ . 
Collecting these results one arrives to the equation for the quartic vertex0 

(Qi + Q2 + Q 3 + Qi)\V 4 ) = 18(Z a/1 c +a ' + Z al c +a )e Y ^ p ^ (4.14) 
where 

M = Y ai aZ% + Y all ,a+ a 'pl + Z ab c +a b b + Z a , v c+ a 'bl (4.15) 

with i/i' = 1,2, 3/1, 2', 3', and a,b/a'b' = 2,3/2'3' and the right hand side of fl4TT4D 
can be written as a product of two cubic vertices with appropriate gluing of two 
Hilbert spaces between them [53J. This is totally analogous to the construction 
of the quartic vertex in OSFT by gluing two cubic vertices with a star product 
V4 ~ V3 * V3. An obvious ansatz for | V4) is 

\V A ) = F(p)e M c^'4|0) 232 ^ (4.16) 
where the unknown function F(p) is determined from (I4.14p to be 

Obviously the full solution is given by acting with the above given vertex on all 
non-cyclic permutations of the external states 

£ 4 ~ (1, 2, 3, 4| V 4 ) s + (1, 3, 2, A\V A ) U + (1, 4, 2, 3|V 4 )t (4.18) 

where each contribution has subscript indicating the massless pole on the correspond- 
ing kinematic variable which comes from the definition of F(p) in (14. 17ft and we use 
the standard definitions for Mandelstam variables s = (pi + P2) 2 , t = (pi + Pa) 2 
and u = (pi +P3) 2 . It turns out that the algebra of gauge transformations remains 
abelian in this case and one can check that the theory has vanishing four point func- 
tions. This is related to the fact that the on-shell expression of ( 13. ip gives, for a HS 
state coupling to the other two states, a current which is conserved identically and 



^We shall keep implicit the cyclic symmetry of the quartic vertex mentioned above. 
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therefore should not deform the gauge algebra [H]. Recently in an updated version 
of [20] the authors gave the completion of this vertex in the compensator formalism, 
with the modification implied by the ansatz (13.61) and (13. 7p . This is an extension of 
the non-local vertex (I4.16P with the exponent M having additional terms due to the 
extra terms of ansatz (13.71) . compared to those of the ansatz for a cubic vertex (13.11) 
which we used to derive the quartic vertex (I4.16p . 



5 A short review of the BCFW method 

All of the above attempts for constructing non-trivial interacting HS theories are 
plagued by several deficiencies. They deal with off-shell Lagrangians and therefore 
include non physical degrees of freedom which are eliminated only after proper gauge 
fixing. Also one can have various physically equivalent descriptions related by field 
redefinitions. Moreover we have seen that although it is relatively straightforward to 
derive cubic Lagrangians which are classically non-trivial it is not so obvious how one 
can classify which of these Lagrangians can really lead to non-trivial theories beyond 
the cubic level. In a sense the construction of the algebra through the commutators 
of gauge transformations is the correct way to classify which interactions are non- 
trivial. Nevertheless, as we explained above field redefinitions and gauge trivial 
degrees of freedom make these methods rather cumbersome to implement even at 
the quartic level, see i.e. [15]. Extending these methods beyond the quartic level is 
a very challenging task. 

It is definitely desirable to have a method which deals directly with the physi- 
cal degrees of freedom therefore allowing us to study the physical S-matrix of the 
theory. In any case all no-go theorems which forbid non-trivial HS interactions in 
4-dimensions are formulated in the S-matrix language. Such a method has appeared 
recently [121 H3] (BCFW) based upon the twistor formulation of gauge theories of 
Witten [39] . This method allows one to construct, under certain assumptions, higher 
point functions given the cubic ones. 

The key point of BCFW [13] is that tree level amplitudes constructed using Feyn- 
man rules are rational functions of external momenta. Analytic continuation of these 
momenta on the complex domain turns the amplitudes into meromorphic functions 
which can be constructed solely by their residues. Since the residues of scattering 
amplitudes are, due to unitarity, products of lower point on-shell amplitudes the final 
outcome is a set of powerful recursive relations. 

The simplest complex deformation involves only two external particles whose 
momenta are shifted as 

Pi(z)=pi-qz, pj(z)=pj + qz. (5.1) 

Here zeC and to keep the on-shell condition we need q ■ pi = q ■ pj = and q 2 = 0. 
In Minkowski space-time this is only possible for complex q. In particular, if the 
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dimensionality of space-time is d > 4, we can choose a reference frame where the two 
external momenta pi and pj are back to back with equal energy scaled to 1 [51] 

Pl = (1, -1, 0, 0, . . . , 0), Pj = (1, 1, 0, 0, . . . , 0), g = (0, 0, 1, i, 0, . . . , 0) . (5.2) 

For gauge bosons the polarizations under a suitable gauge can be chosen as 

4 = ej = q, er = e+ = q\ e T = (0, 0, 0, 0, . . . , 0, 1, 0, . . . , 0) , (5.3) 

where the ± superscripts correspond to the helicity of the states which should not 
to be confused with the usual light-cone notation for massless states. These vectors 
and the D — 4 different polarizations €t form a basis in the transverse directions |54j . 
Under the deformation (15.11) the polarizations should become 

4( z ) = £j( z ) = Q, 4( z ) = q* - z Pj> S + (z) = q* + z Pi , (5.4) 
e T (z) = (0,0,0,0,... ,0,1,0,. ...,0) 

so that they remain orthogonal to the shifted momenta. In four dimensions we can 
use spinor representation of momenta and polarizations (for spin 1 states) 

(/i,A)=/i a A b e ab [X,ft}=fl & ~X h e &h 

with fi a and jla arbitrary reference spinors. Polarizations of Higher Spin states are 
given by products of the polarizations for spin 1 

s s 

e aidi...a s d s J_ J_ ^d, e aidi ...a 3 d s J_ J_ ^a^i (^-6) 

1=1 t=l 

The expressions above for the BCFW shifted momenta and polarizations correspond 
to the following shift on the spinors 

AW(z) = AW + *A?\ A? ) (z) = A? ) (5.7) 

A general amplitude, which after the deformation becomes a meromorphic func- 
tion j\4 n (z), will have simple poles for those values of z where the propagators of 
intermediate states go on shell (on the complex plane) 

(5.8) 



Pj(zf Pj(0) 2 - 2zq ■ Pj ' 

We denote by Pj = ^2 iGj Pi the total momentum of the intermediate state which con- 
nects the two sub- amplitudes in which Ai n (z) factorizes. The undeformed amplitude 
can be computed using Cauchy's theorem: 

Mn(0) = ^-f zQ ^j^-dz = - \J2 Res -finite + Res 2=00 } . (5.9) 
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As already stated, the residues at finite locations on the complex plane are nec- 
essarily, due to unitarity, products of lower point tree level amplitudes which are 
however computed at complex on-shell momenta. The residue at infinity can have a 
similar interpretation is some special cases jlHl HZ] but in general it cannot be written 
as product of lower point amplitudes. In most cases involving gauge bosons and/or 
gravitons there is an appropriate choice of the deformed external polarizations such 
that under a shift of the type (|5.ip . M. n (z) vanishes in the limit z — > oo. In these 
cases the BCFW relation takes the simple form 



fc+i(l, 2, . . . , i, . . . , k, P r )M n -k+i(Pr, k + 1, . . . , j, . . . , n) 

( n) = h, h ta+p 2 +...+p*) 2 1 

(5.10) 

where the hat is used for the variables which are computed at the residue of the 
corresponding pole ( 15 .8p and satisfy the physical state condition. Since we have 
made a complex deformation the hatted variables correspond to complex momenta, 
unlike the momenta of the rest of the external particles. The sum in r is over all 
different particles of the theory which can propagate in the intermediate channel and 
the sum in h(r) is over their helicities. 

In [51] a very interesting criterion was derived in order to classify, in four dimen- 
sions, which theories are constructible under BCFW deformations. The criterion has 
been stated explicitly for the four-point function and it is a necessary condition for 
a theory to have zero residue at infinity, i.e. to be constructible. Say we denote 
by A4^ l '^(z) the four-point function under deformation of particles i and j. Assume 
further on that the helicities and h± are negative while h\ is positive. The criterion 
advocates that 

M 1,2) (0) = M 1,4) (0) (5.H) 

This is highly non-trivial since the usual Feynman analysis construction of the four- 
point function requires adding diagrams from three possible channels while each 
BCFW deformation can use only two channels of exchanged particles. For M^ 1,2 ^(0) 
diagrams where particles 1 and 2 go to an intermediate state do not lead into poles 
on the complex plane i.e. l/(pi(z) +p 2 (z)) 2 = l/(pi + Vi) 2 ■ So in M^ 1,2 '(z) only 
poles from the t, u channels on the complex z-plane will contribute. Viceversa for 
M^'^ifi) only poles from the s, u channels on the complex-z plane will contribute. 
So the crossing symmetry condition (15.111) is a highly nontrivial constrain. 

After this short review of the BCFW method we will proceed by considering 
some examples of theories of massless HS fields which are based on recent studies 
of the high energy limit of string theory [TBI l2"Tj . As was shown in [SUl HH], tree 
level string amplitudes for appropriate regimes of the Mandelstam variables vanish 
when z — > oo. Therefore one expects that these amplitudes also satisfy recursive 
relations similar to the field theoretic ones (15. 101) .The key point, as we will explain 
below, is that the methods employed in [50, US] using the Pomeron technique of [55] 
suggest that the naive tensionless limit a' — > oo does not spoil the good behavior 
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of string amplitudes for large complex deformation of the momenta. Therefore one 
would expect that if a consistent high energy limit of string theory indeed exists then 
the theory would have to be BCFW constructible in the sense above. A study for 
some couplings was given in [5T] but it was limited to self interactions and did not 
attempt to address either a complete theory or an example where all cubic couplings 
are given. We will try to shed some light on recently proposed theories of interacting 
HS and derive useful conclusions. 



6 BCFW for Higher Spin theories 

For any Lorentz invariant theory of massless particles in 4-dimensions it is straight- 
forward to see that the on-shell cubic amplitudes vanish. Extending though some of 
the momenta in the complex plane we can easily derive that the most generic cubic 
amplitude is given by [51] 



M 3 ({\®,\®,hi}) = ^(l,2) d3 (2,3) dl (3,l) d2 + «:A[l,2]- d3 [2,3]- dl [3,l]~ d2 , (6.1) 

where we have defined d\ = h\ — /12 — h 3 , d 2 = h 2 — h\ — h 3 , d 3 = h 3 — hi — h 2 and the 
coupling constant ku is required to give the right dimension to the part of the 
amplitude which is holomorphic (antiholomorphic) in the spinor variables A^ (A^). 
Imposing that M. 3 has the correct physical behavior in the limit of real momenta, 
shows that if d\ + d 2 + d 3 , which is equal to —hi — h 2 — h 3 , is negative (positive) 
then we must set kh = (ka = 0) in order to avoid a singularity when any two 
(anti)holomorphic spinors become linearly dependent. The case when hi+h 2 +h 3 = 
is more subtle since both pieces are allowed. 

Under the conditions above one can show that M\ ' >{0) is given by the expression 



•M.{'\0)— ^2 { K l-h 1 -h i -h K l+h 2 +h 3 -h fyi 

h>max(—(hi+h,4),(h2+h3)) 

[1,3][1,4]VV ( 3 ' 4 ) \ h2 ( ( 2 ' 4 ) 



Pi A T ni,4][3,4] 



[3,4] J V(2,3)(2,4)7 V(2,3)(3,4) 
+ E (4^3). 



v [1,3] 

h 3 



) (6-2) 



h>max(—(h 1 +h 3 ),(h 2 +h4)) 



where Pjj = Pi+pj. This is the final formula we will need to impose the constructibil- 
ity criterion for the massless HS vertices we wish to examine. The subscript of the 
coupling constants denotes their mass dimension. 

We will consider a theory with cubic couplings of two scalars and one HS field to 
study the 2 — > 2 amplitude for scalars. Notice that usually in the BCFW method we 
consider external states which are gauge bosons. The reason is that the polarization 
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tensors in (15.51) . with polarization assignments as stated above, lead to factors 1/z 
and are important for the vanishing residue of Ai(z) at infinity. In our case though 
it is obvious that since the dimension of the couplings decreases with the spin, the 
behavior of individual Feynman diagrams becomes more and more divergent and 
therefore only subtle cancellations among Feynman diagrams can give a well behaved 
amplitude at infinite complex momenta. So we can work with the elementary process 
of scalar scattering which encodes all physics relevant to the theory. 

We can write the cubic interaction for two scalars and one arbitrary HS triplet 
[28] . In order to compute the S-matrix elements for triplets one would need the 
propagator of the irreducible states they are composed of. This will introduce the 
normalization factors of [28]. In order to avoid technical complications which involve 
such factors and do not alter the physical properties we want to study, we will simplify 
our interacting Lagrangian and we will discuss a Lagrangian coupling of irreducible 
HS fields to two scalars [8] 

= ^- h N h -* J*±d* + h. c . , (6.3) 

hi 

where k is a dimensionful constant needed in order to give the right dimension to 
the Lagrangian and we have assumed that the free action is normalized to give the 
properly normalized propagator for the fields with residue one. The interaction is 
proportional to the coefficients Yij of (13. 2 j) but we shall not give the exact relation 
between them since our discussion will be more general than the specific solution. 
Moreover Nh is an undetermined constant which probably gets fixed once we have 
the fully consistent, interacting HS theory to all orders in the coupling constant. The 
currents are defined as 

■'£,...,„ = E ( r ) ( ~ 1)r ^ ■ ■ ■ d " r(t)l) {d " r+1 ■ ■ ■ d " h(t)2) (6 - 4) 

For example in the theory of [16J from the high energy limit of bosonic SFT one 
has Nh = y/h\ for the top spin component of each triplet. Of course using the 
decomposition method in |28j the lower spin components of each triplet will have 
different normalizations dependent on the spin of the triplet they descend from. In 
principle in order to discuss on safe ground the high energy limit of SFT one should 
include all subleading Regge trajectories, mixed symmetry fields, while decomposing 
them into irreducible modes. For the purpose of our discussion we will concentrate 
into two main examples of couplings, which have been studied in pEH [20], with a 
simple spin dependence. The first example we will call string theory coupling has 
Nh = \//t! and it is the same as in [2T] derived from string theory. The second 
one leads to spin independent coupling constants and we will call it field theory 
coupling. The normalization constant has a stronger growth with spin and is given 
by Nh = h\. This is unlike the softer string theory normalizations which lead into 
coupling constants which drop with increasing spin. 
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From the Lagrangian terms in (16. 3p we can infer the three point on-shell ampli- 
tudes we will need for our test of the BCFW construction. We remind the reader that 
these three-point amplitudes make sense only for complex external momenta, since 
otherwise 4-dimensional Lorentz invariance requires that all on-shell three point am- 
plitudes for massless states vanish. We can use directly ( 16. ip to infer that for particles 
1 and 2 being scalars and the particle 3 being a spin h particle 



i, 



[1,2] 

Mf-WXK) = klM {2 't { l 1)h (6-5) 



(1,2) 

where the couplings of the two amplitudes are given by 

kth(h) = k»_ h (h) = k 1 -^. (6.6) 

Notice that the amplitudes must be symmetric under exchange of the two scalars. 
If the theory has only one scalar field or if we assume an abelian theory the spin h 
is restricted only to even values. We can assume couplings which have Chan-Paton 
factors for the scalars in such a way that we can include odd-spin couplings to our 
computations. In a way we will be computing colour ordered amplitudes. The total 
scattering amplitude will be given by the sum of the colour ordered terms with their 
corresponding color factors. Obviously if we go to the abelian case, i.e., when colour 
factors are trivial, only couplings to even HS fields will survive. As an example 
for the cubic amplitude there are two different color orderings given by exchange of 
particles 1 and 2 in ( 16.51) . If we have a non-abelian theory they are nonequivalent 
but in the abelian case they will simply add up and since they have opposite signs 
for couplings to odd spin HS fields they will cancel. In what follows in order to 
avoid incorporating Chan-Paton factors in our notation, since it is an unnecessary 
complication, we will focus our discussion on the abelian case. Nevertheless since 
at several points we would like to compare our results with the explicit Feynman 
diagrams of |30j , we will assume that there are at least two scalar fields or a complex 
one. In other words we will consider scalar fields which carry some charge. This will 
allow couplings of odd HS fields. 

In order to derive the exact form of the couplings one would need to substitute 
(15.51 15. 6p in (16. 3p where it turns out, as expected due to gauge invariance, that 
the dependence on the reference spinors /ij drops out. Actually in this case we can 
easily write down a coupling for h = 0. Remember that this is the case where 
^-1 + ^-2 + ^-3 = and both a holomorphic and antiholomorphic piece are allowed. 
In this case the situation is rather trivial and we can take unambiguously h — > in 
(16. 5p and we end up with a constant M 000 = Nqk. 

Before we proceed with the study of BCFW recursion relations for these two kinds 
of couplings we would like to make a few comments for the string theory coupling. In 
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string theory we expect the four point function to take the familiar Veneziano type 
amplitude behavior. This means that four point string amplitudes have Gamma 
function prefactors. A BCFW shift of the momenta results into shifts of two of 
the three Mandelstam kinematic invariants and naive Stirling approximation would 
give badly behaved amplitude for some region of complex infinity. Nevertheless the 
fact that these Gamma functions appear into Beta function combinations allows one 
to see that indeed the four point function is a well behaved polynomial of 1/z at 
infinity |^8| 150] . For higher point functions it turns out it is more straightforward to 
use the Pomeron technique of [55] to study the behavior of amplitudes under BCFW 
deformations [19]. The typical behavior is 

M(z) ~z n+1+a ' p ^ (6.7) 

where n is the level of the external string states which are being deformed and 
P12 = Pi +P2- We see that choosing n + 1 + a'P^ < we can conclude that all open 
bosonic string amplitudes are constructible. This might require an analytic contin- 
uation of the external states momenta outside the physical region but it is standard 
practice with string amplitude computations. This analytic continuation should not 
be confused with the complex momentum deformation. Moreover, the formulas we 
gave above in (16. 2p contain no assumptions about reality of the undeformed spinors. 
Now it is obvious that taking a' — » oo naively makes things only better HJ]. But 
we know that the naive limit might lead to an non-interacting theory as well [31] 
so it might be a bit too naive to conclude anything more than good behavior of 
the amplitudes at infinity. It makes more sense to assume that if an interacting 
theory indeed exists in the high energy limit of string theory, then the string length 
reaches a critical value, a' — > a' cr , rather than infinity. The Pomeron argument seems 
still valid so if indeed a consistent high energy limit of string theory does exist, we 
would expect that it passes the BCFW test (15. lip . Finally a careful examination 
of the saddle point method, used to derive the Pomeron operators which led to the 
aforementioned behavior, does not show any pathology under the tensionless limit. 

One can immediately see that there might be potential problems trying to apply 
the BCFW procedure to interacting massless HS theories like those discussed in 

" A possible caveat to this argument is the following. The general form in (|6.7I) is 

M(z) ~ z n+1+a ' p ^ H(a', Pi , z) (6.8) 

We have two limits to take, z — > oo and a' — > oo. The function 'H(a / ,pi, z) is a polynomial in 
inverse powers of z, therefore the limit z — > oo should pose no problem. Since the leading term 
dependent to z , z n+1+a p i2, can only behave better with a' — > oo for suitable Pf 2 as explained 
above, we can assume taking first z — > oo and then the high energy limit. Even if H(a! ,pi, z) is 
divergent at the high energy limit this would not be a problem if we assume that the two limits 
commute. To put it another way the BCFW shift corresponds to taking a large hierarchy between 
kinematic variables of a given scattering amplitude i.e. s 3> t. Taking the high energy limit of 
the theory, which means a's,a't 3> 1, but keeping the original hierarchy between the kinematic 
variables should not be a problem and our arguments, about BCFW constructibility of the theory 
in the high energy limit, should hold. 
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the previous sections. The exponential type vertex in (I4.16p . unlike the Veneziano 
amplitude, does not have a good behavior through all complex infinity under BCFW 
deformations and we will have to discuss novel features like inclusion of Pomeron-like 
states in the theory in order address this problem. 

In the next two subsections we will study the BCFW test of [FT] for two potentially 
interesting cases: string and field theory couplings. 



6.1 BCFW for field theory couplings 

In this case we need to use the coupling constants = hi. We will consider the 
scattering process 4>(Pi) 4>{P2) <K _ Ps) <K — P4) f° r two scalars with the same charge 
as in [30] ■ To this end we need to apply equation (16 .2p using (16. 5p . A straightforward 
computation gives 

M 1,2) (0) = £ K 2 - 2h (-P-h) h (^r + ^r)- (6-9) 

he z Vjr M ^1.3/ 

Using the standard definitions for Mandelstam variables s = (P1+P2) 2 , t = (pi+Pa) 2 
and u — (pi + P3) 2 in (+,—,—,—) signature we can write the result as 

M-(O) = «^ • (6-10) 

On the other hand we can exchange labels 2 and 4 in the expression (16. 9p . In this 
case only the u-channel (with an intermediate propagator 1/Pf 3 ) contributes due 
to charge conservation. The s-channel amplitude, (with an intermediate propagator 
1/P^ 2 ,) is not allowed in this process but should be used in the process 4>*(pi) 4>{j>2) 
0( — P3) 0*(~ Pi)i where (f>* is the antiparticle of 0. Finally we get 

M^\0) = . 2 —±—( 1 -). (6.11) 



1 + K~ 2 t 

We see immediately that the two results do not match. This tells us that either the 
theory is not constructible or there is some pathology in its definition. Computing 
the explicit Feynman diagrams as in [30] for field theory couplings of the form in (16.31) 
shows that indeed we have a function with a pole at finite radius on the complex 
kinematic plane and that the position of the pole depends on the kinematics. The 
t- channel of the four point amplitude has the form 

M\~ — \ ^ =- + ^ =^ - 1 I . (6.12) 

t \l + ^(V~s + V^) 2 l + ^(V~s-v^) 2 J 

The full amplitude is given by summing the u-channel contributions as well. The 
full expression should be compared to the BCFW result. Looking at the expression 
above for the t-channel suggests two things. The first one is that the original series 



20 



of massless exchanges, either in the Feynman method or the BCFW one, has a finite 
radius of convergence. Outside this radius the series is defined through analytic 
continuation just as J2 s zS = T3~- Thus it is fairly obvious to see that a BCFW 
shift as in (15. 7p results in a vanishing amplitude at infinite complex deformation 
which means that the theory should be constructible. The second point is that we 
have a pole which depends on the kinematic variables. This suggests that there 
should be some extended object in the theory since the amplitude blows up for 
specific impact parameters and angles [19], [21]. The BCFW computation tells us 
the same thing through its failure of crossing symmetry under BCFW deformations 
which suggests that at some finite distance on the complex kinematic variables plane 
the massless theory has some ingredient missing in its definition EE Actually from 
the explicit expression in (16.121) we can be a bit more precise. The amplitude is a 
meromorphic function of the kinematic variables. All dependence on the square roots 
of the kinematic variables disappears once we add the two terms together. Therefore 
this function should be determined through its poles on the complex plane. Under 

a BCFW shift ((5Z7J) \ { a\z) = Ai 1} + z\%\ \f{z) = Xf ] - z\f ] the Mandelstam 
variables shift as 

s = s, i = t- 2(2, 3) [1,3] , u = u + z(2,3)[l,3]. (6.13) 

Then one can easily verify that there are three poles on the complex z-plane for 
the t-channel contribution and three for the u-channel respectively. The one which 
comes from the massless t-pole of (16.121) is the one whose Res(A4(z) / z) reproduces 
the t-channel pole of (16.91) . On this pole the amplitude factorizes into two scalar three 
point amplitudes which are however dressed with some form factors. The other two 
poles of (16.121) should come from the "extended object" poles which contribute the 
form factors of (16.101) . To get the u-channel pole of (16.91) we will need to compute 
the residues of the u-channel amplitude M% in a similar manner. We can repeat the 
exercise for scattering of real scalars. This will require, as we mentioned before, that 
in (16.91) we will sum over even spins only and the same for the Feynman diagrams 
computation in [30J. 

6.2 BCFW for string theory couplings 

In this section we will try to repeat the analysis above for the string theory couplings. 
One should keep in mind that we are not certain about the exact nature of the four- 
point function at the high energy limit of string theory. The standard result of [31] 
gives a behavior which does not seem that it can be reproduced by a local field theory 
As pointed out in [21], for a Feynman diagram computations of the full 4-point 

** The final result in (|6.10|) has a massive pole outside the physical region i.e. for s < 0. In 
the physical region though it is a form factor for an apparent massless exchange of particles which 
depends on the center of mass energy for (|6.10[) and angle of scattering for (|6.1ip 

^ At least perturbatively non-local in the sense of [2] 
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function the subleading Regge trajectories of their vertex would be necessary. But 
this by itself would not be enough since a non-local quartic vertex would be required 
in order to allow one to reproduce the local and unitary result of [34J . Moreover, the 
high energy behavior of [34] is proportional to the fixed angle scattering of string 
amplitudes 

J\yf^ ^ e -a's\oga's-a't\oga't-a'u\oga'u 

The result above is definitely divergent under any BCFW deformation. But on the 
other hand as we pointed out the Pomeron arguments suggest that under a' — > oo 
high energy string amplitudes remain constructible. Instead of relying on the stan- 
dard result of [3l] we will take a more pedestrian approach and assume as mentioned 
before that the theory reaches a critical string length were the theory is interacting. 
We will then try to construct amplitudes via BCFW and apply the criterion ( 15. lip . 
This will fail as we shall shortly see and we will suggest a possible explanation for 
the problem. 

Lets first discuss the amplitude computed using current exchanges for massless HS 
states in [30] for the t — channel for the process of two same charge scalar scattering 
as in subsection 16.11 



2 



2 x , u.-2 



2 exp ^ — — (s — u)j cosh^ — — y/—su 



(6.15) 



This amplitude has a structure very similar with the one of the vertex (I4.16p . In 
the Regge regime with s ^> t, which implies in the massless case s ~ —u, we easily 
derive 

M\ ~ — exp(-/sT 2 s) . (6.16) 

For s ~ —u ~ qz this corresponds to the BCFW shift (16.131) of momenta p±, 
in (I6.15P and certainly does not vanish for all z in complex infinity. But the state- 
ment for BCFW constructibility requires that the full amplitude vanishes at complex 
infinity and not individual Feynman diagrams. The u-channel contribution cannot 
cancel that of the t-channel at complex infinity as one can easily check. It is plausible 
though that the BCFW deformation of the corresponding quartic vertex ( 14. 16ft gives 
a contribution which cancels the divergence from the exchange diagram ( 16.161) . The 
actual form of the quartic vertex contribution to the four point function is of the 
form 

Mf ontact ~ ^- exp( - Y (s - u)) (6.17) 

where we have assumed that all coupling constants of the theory are determined 
in terms of one scale Y^ ~ Y(k). One can compute explicitly the quartic vertex 
contribution with the exact normalization and of course determine the exact form of 
Y(k). If we determine the exact form of Y and normalization of the contribution in 
(I6.17P we might cancel, under BCFW shift, the problematic behavior in (I6.16p . This 
would of course imply that the theory is constructible. Nevertheless at this point we 
will not try to verify if such a cancellation is true since, as we shall see bellow, it does 
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not seem possible to apply the criterion (15. lip successfully. This conflict between 
the apparent constructibility of the theory and failure of (15.111) seems to imply that 
we need to make further assumptions for the structure of the theory. 

Before we proceed further it would be useful to discuss the role of mixed symme- 
try fields to the arguments above. We pointed out in section HJ that if one starts with 
the cubic vertex for the HS fields given in (13. ip and then adds the contribution of the 
quartic vertex (I4.16P the full four point function vanishes. Presumably, performing 
similar computation the four point function for the theory where the cubic vertex 
is given by ( 13. 61) . could lead to a non-trivial four-point function. We would like to 
point out that the couplings of reducible mixed symmetry HS fields to two scalars 
are identical to those derived the vertex of (13. ip since the currents built from the two 
scalars are totally symmetric. Decomposing the reducible mixed symmetry fields @ 
to their symmetric parts results into various HS symmetric fields with multiplicities 
dependent on the Young tableaux of the mixed symmetry field and moreover on the 
generalized triplet they descend from. So in order to make precise statements about 
the behavior of scattering amplitudes at infinite complex momenta, one would need 
to compute these couplings for all generalized triplets and show that the full ampli- 
tude constructed using Feynman diagrams vanishes for infinite complex momenta. 
Alternatively one could use the method of [51] • But unlike spin one and spin two 
gauge theories, where the Lagrangian analysis leads directly to a well-behaved the- 
ory at complex infinity, here it would be subtle cancellations between interactions 
of all HS modes which can grant a soft behavior. So we would need at least some 
knowledge of the full HS Lagrangian for all mixed symmetry fields. 

In any case if such an analysis would be possible and the theory turns out to be 
well-behaved at complex infinite momenta, then one would expect that the theory 
with such cubic vertex would pass the test (15. lip irrespective of the precise form 
of the quartic vertex. This is actually the power of BCFW consistency conditions, 
that if the test fails, either there is a missing ingredient of the theory or the BCFW 
deformed amplitude does not fall fast enough and there is a boundary contribution 
to the BCFW relations and the method is not applicable. We used the Pomeron 
analysis to argue that the boundary contribution is vanishing for the tensionless 
limit of string amplitudes. So we will use as working hypothesis that this holds true 
and the BCFW recursion relations should apply. 



Let us look at the BCFW construction of the four point function for scalar fields 
for N h = VM. 




(6.18) 




(6.19) 



W Irreducible mixed symmetry fields give zero coupling to a totally symmetric current. 
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On the other hand we can exchange label 2 and 4 and we get 



A*i M) (0) = K 2 e-*- at (-] (6.20) 



u 



where as mentioned in subsection 16.11 only the u-channel contributes for this scat- 
tering process. We immediately see a couple of problems. The first problem is that 
neither of the two expressions of the amplitude does allow for soft behavior under 
all possible BCFW shifts. The second point is that the results in (I6.19P and (16.20)) 
would be rendered consistent if the exponential function e _K s could become i.e. 
(-=5-), and similar for e~ K *, therefore fixing the problematic exponential behavior 
and allowing us to pass the test (15. lip . It is obvious that such a thing is not possible 
since the expression in ( 16 .18)) is a Laurent series around s = and cannot give a 
function with a pole at s — 0. Could we get a result like in the previous subsection 
with a pole at a some other location on the complex s— plane? As was pointed out in 
[2T] and we commented above, only the totally symmetric part of mixed symmetry 
fields couples to the currents ( 16.41) and therefore leads to the same couplings as the 
totally symmetric fields. One expects of course that the normalization constants Nh 
of these terms will become dependent on the Regge trajectory each couplings origi- 
nates from. So it is plausible that Nh might grow stronger with spin than Nh ~ y/hJ. 
of the totally symmetric fields leading to a behavior similar to (16. 10)) . This point de- 
serves further investigation but the obstacle is still the knowledge of the full fledged 
HS theory. In any case, even if this is possible then the discussion of the previous 
subsection would apply and it would mean that one might have to include extended 
objects in the theory. Therefore the theory is not complete with the massless HS 
fields on their own. The behavior suggested in |34J seems beyond reach since we 
cannot expand ( 16. 14=1) in terms of massless exchanges. 

In order to get an idea of what might be the problem we should remind ourselves 
of some important features of the prototype case, the Veneziano amplitude. It is the 
beta function expansion of the Veneziano amplitude, 

M,(s, t) = - V < a(s > + 1)( °< S) + 2 > • • • ( °< S) ± "> --i— (6.21) 
~ n! a t -n K J 

n=0 K ' 

where a(s) = a's + ao the Regge trajectory, which gives it the nice properties of dual 
models. The massive poles are responsible for the dual nature of string amplitudes. 
The result above in ( 16 .21)) can be equivalently expanded in s-channel poles with 
a simple exchange of s and t. In other words the expression above includes the s- 
channel contribution unlike field theory amplitudes where one needs to add separately 
the other channels in order to derive a consistent theory. In the tensionless case we 
have moved all massive poles of the above expression to become massless. It is 
obvious that this spoils the dual nature of string amplitudes. In order to obtain a 
consistent theory in the tensionless limit it seems necessary to include the collective 
contribution of the massive poles which were pushed to the massless level. 
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We have pointed out before that the asymptotic behavior of string amplitudes 
under BCFW deformations and their form in the Regge regime are directly con- 
nected. So based on the above comments regarding the Veneziano amplitudes it is 
instructive to look at its Regge limit to see what might be the missing ingredient in 
order to make the theory consistent under (15.111) . In string theory we know that the 
Regge limit scattering is better described using Pomeron operators which effectively 
average the contributions of zeros and poles of a given amplitude as we take a kine- 
matic variable much larger than the others. This is a very distinct behavior from 
the behavior of the amplitudes we studied in section 16.11 Pomerons have a structure 
with a stringy origin and amplitudes due to Pomeron exchanges present a diffusion 
like behavior in transverse position space |55j. 

Let us look first at the Pomeron states of string theory. They are deduced using 
the OPE of normal string vertex operators [55] and correspond to saddle point con- 
tributions of string amplitudes in the Regge regime. For bosonic open strings the 
OPE of two states with momenta pi and P2 gives 

V P ~ C n U{a'p 2 ) e ip - x [q ■ dX] 1 ~ a ' p2 (6.22) 

where p = Pi + P2 and q = p\ — P2 ■ The propagator of the Pomeron is 

Tl(a'p 2 ) = T (a'p 2 - 1) . (6.23) 

and C n is an expression which depends on polarization and momenta of the level 
n states for which we consider the OPE. Pomerons in string theory are physical 
states but with a fractional oscillator number which renders them outside the normal 
Hilbert space. 

L V P = a'p 2 + N - 1 = a'p 2 + (l - a'p 2 ) -1 = 0, 

L{V P ~ q.p= ( Pl +p 2 ) ■ ( Pl -p 2 ) = . (6.24) 

Notice that in the tensionless limit these states remain in the spectrum. 

The Veneziano scattering amplitude in the Regge regime s ^> t can be computed 
either using the Pomeron vertex operator (16.221) or directly from the Veneziano am- 
plitude [551 E9] 



M 4 ~ / dy\y\- 2+a,t \l-y\- 2+a ' s 

J — oo 

~ 2tt T(-l + a't)(a's) l ~ a,t (6.25) 
Taking the tensionless limit a' — > oo limit it implies 



*«~st\V e (6 ' 26) 

where k the critical string length we have assumed in order for our formulas to make 
sense. This should be compared to (16.161) where we see the marked difference of the 
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two expressions: for the region s ^> t where the two expressions apply one goes as 
6 -k s anc j other one has the typical Pomeron behavior s K l ~ l . Our discussion 
suggests that massless current exchanges alone cannot lead into the behavior above. 
We propose that the expression in (I6.26P is the appropriate asymptotic behavior, 
of the tensionless limit of the four point string amplitude, for BCFW deformations 
s ~ —u ~ qz. 

Pomerons play role in the physics of scattering amplitudes in the Regge region of 
kinematic variables, as in the example described above. They appear as composite 
particles exchanged between oppositely highly boosted external states. It is plau- 
sible therefore that in the high energy limit we might have to consider additional 
states which appear in the intermediate channels of elementary particle scattering. 
Moreover it is possible that they do not represent asymptotic states of the theory. 
Pomerons in QCD represent coherent color-singlet objects built from gluons, which 
are exchanged between hadrons in the Regge regime. Here we suggest that there 
could be composite non-local objects in the theory of massless HS fields which con- 
tribute to the scattering of HS fields in the Regge regime. We emphasize that the 
true nature of the advocated objects away from the Regge regime is not understood 
at the moment. Moreover notice that the Pomeron in QCD like theories emerges 
from a perturbative resummation of Feynman diagrams while in the present context 
of the high energy limit of string theory emerges at tree level in the HS theory. So 
in this case they are not perturbation theory artifacts. 

7 Conclusions 

In the first part of this paper we demonstrated how one can build off -shell cubic and 
quartic interaction vertices for the string inspired systems which contain an infinite 
number of massless bosonic Higher Spin fields. We hope that these results could be 
useful for further investigation of consistency properties of interacting Higher Spin 
fields on Minkowski background. In particular, it would be interesting to perform 
explicit calculations using perturbation theory and study the consistency of higher 
order interactions. 

Another interesting question is to consider an anti de Sitter space-time back- 
ground. In particular to find similar vertices on an AdS background using the tech- 
nique of [26], [27], |25j and to discuss a possible connection with the results of [I] 
and implications for AdS / CFT correspondence of these models. 

In the second part of this paper we demonstrated how the BCFW method for 
consistency checking of the S-matrix for a given theory could shed some light to 
the construction of interacting Higher Spin theories. The key point is that failure 
of the consistency condition stated in [51], for theories which satisfy certain criteria 
under BCFW deformations, gives us some information on the possible modification 
of the theory in order to make it constructible. In essence it allows us to identify 
a possible missing ingredient in order to make consistent Higher Spin interactions 
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in flat space-time. We showed that for two candidate cubic couplings the BCFW 
consistency condition fails. 

In one case, the field theory coupling, we argued that the amplitude behaves well 
under BCFW deformation at infinite complex momenta and therefore the BCFW 
relations should hold. Failure of the condition ( 15.1 ip was attributed to additional 
states which might be needed in order to make the theory consistent with BCFW. 
Moreover the analysis suggested that these states could be extended objects. 

In the second case, the string theory couplings, a naive analysis based on Feynman 
diagrams for massless current exchanges seems to imply that BCFW method should 
not be applicable. Nevertheless recent progress in string theory suggests [50j &9] that 
BCFW method applies to string theory amplitudes. There does not seem to be a 
difficulty in taking the tensionless limit of these analysis which in turn implies that 
massless Higher Spin theory derived from the high energy limit of string theory should 
also allow BCFW recursion relations. Since the central object in the asymptotic 
behavior for the tensile string analysis is the string Pomeron, we suggested that it is 
plausible that one should supplement the theory with non-local objects which have 
Pomeron like behavior in the Regge regime of Higher Spin amplitudes. 

The upshot of both cases is that interacting Higher Spin theories in flat back- 
ground with only point particle states although not improbable, might not be the 
ones related to the high energy limit of string theory. Although one can add per- 
turbatively quartic and higher vertices in the Lagrangian, consistently with gauge 
invariance at each order, a non-trivial S-matrix, its analyticity properties and BCFW 
constructibility seem to imply that: one should consider Higher Spin theories in a 
larger frame which includes extended and/or non-local objects in their spectrum. 
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Note added. When the present work was on its final stage for submission, an 
updated version of the paper [20] appeared in the archive which includes an analysis 
having an overlap with ideas of sections [3] and HJ In our paper use the triplet 
formulation for reducible Higher Spin fields in order to extend off-shell the vertices 
proposed in the original version of J2U]. On the other hand in [2D] they have used 
the compensator formulation , which describes irreducible Higher Spin modes. The 
two results are closely related. 
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